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SUMMARY
The paper presents an up-to-date nite element numerical model for fully coupled thermo-mechanical prob-
lems, focussing in the simulation of solidication processes of industrial metal parts. The proposed constitutive
model is dened by a thermo-visco-elasto-(visco)plastic free energy function which includes a contribution
for thermal multiphase changes. Mechanical and thermal properties are assumed to be temperature-dependent,
and viscous-like strains are introduced to account for the variation of the elastic moduli during the cooling
process. The continuous transition between the initial uid-like and the nal solid-like behaviour of the part
is modelled by considering separate viscous and elasto-plastic responses as a function of the solid fraction.
Thermo-mechanical contact conditions between the mould and the part are specically considered, assuming
that the heat ux is a function of the normal pressure and the thermal and mechanical gaps. A fractional
step method arising from an operator split of the governing equations is used to solve the non-linear cou-
pled system of equations, leading to a staggered product formula solution algorithm suitable for large-scale
computations. Representative simulations of industrial solidication processes are shown, and comparison of
computed results using the proposed model with available experimental data is given. Copyright ? 1999 John
Wiley & Sons, Ltd.
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1. INTRODUCTION
The numerical simulation of coupled thermo-mechanical solidication processes has been one of
the research topics of great interest over the last years. Also, during the last decade, a growing in-
terest on this and related topics has been shown by many industrial companies, such as automotive
and aeronautical, motivated by the need to get high-quality nal products and to reduce manu-
facturing costs. However, and despite the enormous progress achieved lately in computational
mechanics, the large-scale numerical simulation of these problems continues to be nowadays a
very complex task. This is mainly due to the highly non-linear nature of the problem, usually
involving non-linear constitutive behaviour, liquid{solid and solid{solid phase changes, non-linear
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thermal and mechanical boundary conditions, frictional contact interaction and complex coupled
thermo-mechanical phenomena. In this paper the topic of the numerical simulation of industrial
solidication processes is addressed.
2. FORMULATION OF THE THERMO-MECHANICAL PROBLEM
2.1. Local governing equations
The local system of partial dierential equations governing the (quasi-static) coupled thermo-
mechanical initial boundary value problem is dened by the momentum and energy balance equa-
tions, restricted by the inequalities arising from the second law of the thermodynamics. The local
form of the momentum and energy balance equations can be written as
0 =r  b + B
 S˙ =−r  q + R+Dint (1)
where B are the (prescribed) body forces, r  () the divergence operator, b the Cauchy stress
tensor,  the absolute temperature, S the entropy, q the heat ux, R the (prescribed) heat source
and Dint the internal dissipation per unit volume. Additionally, suitable prescribed boundary and
initial conditions must be supplied, as well as considering the equilibrium equations at the contact
interfaces.
Also, the entropy S and the Cauchy stress tensor b must be dened via constitutive relations,
subjected to the following restriction on the internal dissipation [1]:
Dint = b : U˙+S˙ − E˙> 0 (2)
where U is the innitesimal strain tensor and E is the internal energy. The heat ux q is
related to the absolute temperature through Fourier’s law (q=− k()r, with k = k() being
the temperature-dependent thermal conductivity), subjected to the restriction on the dissipation by
conduction
Dcon = − 1 r  q=
k()

r  r> 0 (3)
2.2. Thermo-mechanical constitutive model for the solid phase
In order to dene a thermo-(visco)elastic-(visco)plastic constitutive model for the solid phase
let us introduce the free energy (	=E −S), with the functional form
	=	ˆ(U; Uv; Up; ;)= Wˆ (U; Uv; Up;)+ Hˆ (;)+ Tˆ () (4)
In this expression W = Wˆ (U; Uv; Up;) is the mechanical contribution, H = Hˆ (;) is the plastic
hardening potential and T = Tˆ () is the thermal contribution. The internal variables of the model
are: the viscous strain tensor Uv, the plastic strain tensor Up, and the equivalent plastic strain .
Let us dene the elastic strain tensor Ue, as
Ue = U− Uv − Up − U (5)
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where the thermal strain tensor is dened as
U = 13 e 1= [()(−ref )− (0)(0 −ref )]1 (6)
where e = U : 1 is the volumetric thermal strain, = () is the (temperature-dependent) ther-
mal expansion coecient, 0 is the initial temperature, ref is the reference temperature for the
experimental determination of , and 1 is the (second order) unit tensor.
With these denitions, the mechanical part of the free energy can be expressed as
W = Wˆ (U; Uv; Up;)= ˆW (Ue;)= 12 K() (e
2
e − e2)+G() dev2 [Ue] (7)
where K =K() is the (temperature-dependent) bulk modulus, G=G() is the (temperature-
dependent) shear modulus, ee = Ue : 1 is the elastic volumetric strain and dev[  ] means deviatoric
part.
The hardening part of the free energy can be expressed as [2]
H = Hˆ (;)= 12 h() 
2 + (y0()− y1())[ − ( 1− exp(−()) )=()] (8)
where the linear hardening coecient h= h(), the ow stress y0 =y0(), the saturation harden-
ing limit value y1=y1(), and the saturation hardening exponent = (), are (temperature-
dependent) material properties dening the hardening law.
The thermal term of the free energy can be expressed as [2]
T = Tˆ ()=
Z 
0
Tˆ( ) d =−
Z 
0
d 
Z 
0
C0(ˆ)
dˆ
ˆ
(9)
where C0 =C0() is the (temperature-dependent) heat capacity of the material at constant defor-
mation.
The state equations are obtained from equation (4) using Coleman’s method as [1]
b= @U	ˆ=K() ee 1+2G() dev[Ue]
S = − @	ˆ=
Z 
0
C0(ˆ)
dˆ
ˆ
− @Wˆ − @Hˆ
(10)
where the term −@Wˆ =3K(ee + e)[ + (0 −ref )]− 12K(e2e − e2) may be dierent from
zero even if the material properties are constant.
The internal dissipation can be expressed in terms of the evolution of the internal variables as
Dint = b : U˙v + b : U˙p + q ˙> 0 (11)
where q is the conjugate variable of , that is, q=− @	ˆ=− @Hˆ .
Note that considering the constitutive equation for the entropy and taking its time derivative and
applying the chain rule the heat capacity and the elastoplastic heating can be dened as
Cs() := @S =C0()− @2 (Wˆ + Hˆ)
Hep() := (@US : (U˙e + U˙) + @S ˙)= − @ (b : (U˙e + U˙)− q˙) (12)
where equation (5) and the equalities @US = − @b and @S = @q have been used. With these
denitions at hand, equation (1.b) can be rewritten in the usual temperature form as
Cs ˙ =−r  q + R+Dint −Hep (13)
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In the case of an increase of the temperature-dependent elastic moduli due to the cooling process
of a loaded elastic solid, irrecoverable strains necessarily occur. These strains are evident if a
sample loaded with given elastic moduli is unloaded at a later time when the temperature has
dropped and, therefore, the elastic moduli are higher. This stiening eect is incorporated in the
constitutive model introducing a viscous strain tensor as an internal variable. Taking the time
derivative of equation (10a) yields
b˙=(K() e˙e + K˙() ee) 1+2G() dev[U˙e] + 2 G˙() dev[Ue] (14)
On the other hand, the experimental observation of the relation between the rate of stress and
the rate of strain takes the form
b˙=K() (e˙− e˙) 1+2G() dev[ U˙− U˙p ]
=K() (e˙e + e˙v) 1+2G() dev[ U˙e + U˙v ]
(15)
Equating equation (14) to equation (15a) yields the following evolution law for the viscous strain:
U˙v :=
hK˙i
K
ee 1+
hG˙i
G
dev[Ue] =
hK˙i
K2
p 1+
hG˙i
2G2
dev[b] (16)
where p=(1=3) b : 1 is the pressure, and the symbols hi are the Macaulay brackets (thus giving
the value of the enclosed expression when positive, and setting a zero value if negative). They
have been introduced to ensure that the irrecoverable strains only change if the elastic modulus
is increasing, this being a thermodynamical requirement to ensure positiveness of the internal
dissipation.
Finally, the evolution of the plastic strains is dened in the usual way for a J2-thermo-(visco)-
plastic model. Assuming a plastic yield function of the form = ˆ(b; q;), the evolution laws of
the internal variables take the form
U˙p := @bˆ(b; q;) and ˙ :=  @qˆ(b; q;) (17)
where  is the plastic multiplier. For an inviscid plastic model  must satisfy the Kuhn{Tucker
(> 0;6 0; =0) and consistency (˙= 0) conditions. If a Perzyna-type visco-plastic model
is used,  is given by
=
1
p()
hˆ(b; q;)i> 0 (18)
where p = p()> 0 is the (temperature-dependent) plastic viscosity of the material.
In this work, the Von Mises yield criterion is used, so that
ˆ(b; q;)=dev2 [b]−
q
2
3 [y0()− q] = dev2 [b]−
q
2
3 Y 6 0 (19)
Note that the Macaulay brackets introduced in equation (16) for the evolution law of the viscous
strains, plus the associative character of evolution law of the plastic internal variables, ensure the
positiveness of the internal dissipation (see equation (11)).
2.3. Thermo-mechanical constitutive model with phase change
The constitutive model presented above for the solid phase will now be extended to account
for the phase change phenomena. The principles of this extension are twofold: (a) to include the
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Figure 1. Rheological mechanical model with phase change
stress behaviour in the liquid phase and during the phase change, and (b) to include the thermal
eects due to the phase change.
To comply with the rst principle, it is assumed that the liquid phase behaves as a (degenerated)
visco-elastic material, according to Norton’s model [3]. During the phase change, a continuous
transition between the liquid-phase and the solid-phase behaviour is constructed by considering
that both phases work in a series arrangement, as a visco-elastic-visco-plastic Maxwell element
(see Figure 1).
Let us dene the solid and liquid fractions as functions of the temperature, fs =fs() and
fl =fl()=1−fs(), respectively (fs()=0 for >l and fs()=1 for 6s, l and s
being the liquidus and solidus temperatures, respectively). Equation (7) is now rewritten as
W = Wˆ (U; Uv; Up;)= Wˆ (Ue;)= 12 K() (e
2
e − e2)+ Gˆ() dev2 [Ue] (20)
where Gˆ=G()=fs() is the eective (temperature-dependent) shear modulus. The evolution law
of the viscous strains, equation (16), is also modied to account for the viscous behaviour of the
uid, and it is rewritten as
U˙v :=
hK˙i
K2
p 1+
 
h ˙ˆGi
2Gˆ
2 +
1
ˆe
!
dev[b] (21)
where the ˆe = e()=fl() is the eective (temperature-dependent) elastic viscosity. Note that for
the solid phase fl()=0 and, therefore, ˆe =1, and the solid model is recovered. On the other
hand, for the uid phase fs()=0 and, therefore, Gˆ=1 and a pure Norton’s model is recovered.
Also the volumetric change due to the phase change is included, so that equation (6) is rewritten
as
U = [()(−ref )− (0)(0 −ref )+ 13 epc (fs()− fs(0))] 1 (22)
where epc is the volumetric variation due to phase change. Usually, this consists of a volumetric
contraction referred to as phase change shrinkage (epc¡0).
Finally, the thermal term of the free energy T = Tˆ () must be extended to account for the
thermal eects of the phase change. In this work, it will take the form
T = Tˆ ()=
Z 
0
Tˆ( ) d =−
Z 
0
d 
Z 
0
h
C0(ˆ)+L(ˆ)
i dˆ
ˆ
(23)
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where L=L() is the latent heat function. It is possible to dene the latent heat function in terms
of the solid fraction as L=Lfs(), with L constant, but there are other possibilities. Now the
entropy will read
S =−@ 	ˆ=
Z 
0
[C0(ˆ) + L(ˆ)]
dˆ
ˆ
− @Wˆ − @Hˆ (24)
and the energy balance equation in terms of the temperature, Eq. (13), may be nally rewritten as
Cs˙ + L˙= −r  q + R+Dint −Hep (25)
where the heat capacity retains its denition as Cs =C0()−@2(Wˆ + Hˆ), that is, it does not
include the contribution from the latent heat. It is worthy to remark that for solidication processes
the last two terms of equation (25) are usually negligible.
The proposed model for liquid{solid phase change can be easily extended to include multiphase
changes. This is necessary for most industrial metal alloys, which present one or more solid{solid
phase changes in addition to the liquid{solid phase change.
2.4. Thermo-mechanical contact model
In this work, mechanical contact has been modelled using a penalty regularization technique.
Frictional contact has been assumed. The interested reader is addressed to [2; 4; 5] for further
details.
A thermal contact model at the contact interface is considered, taking into account heat conduc-
tion ux through the contact surface, heat generation due to frictional dissipation and heat con-
vection between the interacting bodies when they separate one from each other due to a shrinkage
process taking place during solidication [5].
Heat conduction through the contact surface between the solidifying part and the mould has
been assumed to be a function of the normal contact pressure, the mean gas temperature and
the thermal gap [6; 7]. The heat convection coecient is therefore a function of the mechanical
gap [8; 9]. For some industrial applications, this provides a crucial link between the thermal and
mechanical stages of the simulation, motivating the need for a fully coupled thermo-mechanical
model.
2.5. Variational formulation
Using standard procedures, the weak form of the momentum balance and reduced energy equa-
tions take the following expressions:
hb;r[W0]i= hB; W0i+ ht; W0i  + ht; W0i mc
hCs˙ + L˙; 0i − hq;r[0]i= hR+Dint −Hep; 0i − h q; 0i q − hq; 0i tc
(26)
which must hold for any admissible displacement and temperature functions W0 and 0, respectively.
Here, t and t are the tractions in boundaries   and  mc (mechanical contact), respectively, and q
and q are the normal uxes in boundaries  q and  tc (thermal contact), respectively. We address
the reader to [5; 10] for a comprehensive description of the derivation of the weak form for coupled
thermomechanical frictional contact problems.
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3. TIME INTEGRATION OF THE COUPLED PROBLEM
The numerical solution of the coupled thermomechanical initial boundary value problem involves
the transformation of an innite-dimensional transient system, governed by a system of quasi-linear
partial dierential equations into a sequence of discrete nonlinear algebraic problems by means
of a Galerkin nite element projection and a time marching scheme for the advancement of the
primary nodal variables, displacements and temperatures, together with a return mapping algorithm
for the advancement of the internal variables.
With regard to the time-marching scheme, dierent strategies are possible to perform this trans-
formation, but they can be grouped in two categories: simultaneous time-stepping algorithms and
staggered time-stepping algorithms.
Simultaneous time-stepping algorithms solve both the mechanical and the thermal equilibrium
equations together, thus advancing all the primary nodal variables of the problem, displacements
and temperatures, simultaneously. This invariably leads to large and unsymmetric systems of equa-
tions, usually prohibitively expensive to solve. Furthermore, the use of dierent standard time-
stepping algorithms developed for the single uncoupled problems is not straightforward, and it is
not possible to take advantage of the dierent time scales possibly involved in the problem for the
mechanical and thermal parts. On the other hand, it is relatively simple to devise unconditionally
stable schemes using this approach.
A variant of this approach is to attempt the solution of the resulting equations using a block-
iterative solution. This leads to smaller and usually symmetric system of equations to be solved,
but then the study of the stability of the algorithms is complicated, as it depends on the tolerances
used to assess convergence. The problem of stability in time is then linked to that of convergence
within the time step [11].
Staggered time-stepping algorithms are based on the use of an operator split, applied to the
coupled system of non-linear ordinary dierential equations, and a product formula algorithm,
which leads to a scheme in which each one of the subproblems dened by the partition is solved
sequentially, within the framework of classical fractional step methods. This leads to the partition
of the original problem into smaller and typically symmetric (physical) subproblems. Furthermore,
the use of dierent standard time-stepping algorithms developed for the uncoupled subproblems
is now straightforward, and it is possible to take advantage of the dierent time scales involved.
Additionally, it is now possible to obtain unconditionally stable schemes using this approach, pro-
viding that the operator split preserves the underlying dissipative structure of the original problem
[12; 13]. In view of these motivations, in this work the staggered scheme has been preferred.
Additional details about the formulation, implementation and stability analysis of the method can
be found in [2; 3; 12; 13].
In the classical isothermal split the coupled system of equations is partitioned into a mechanical
phase at constant temperature, followed by a thermal phase at xed conguration. The evolu-
tion of the internal variables is enforced in both phases. As shown in references [12; 13] the
isothermal split does not preserve the contractivity property of the coupled problem of non-linear
thermoelasticity, resulting in staggered schemes at best only conditionally stables.
In the alternative isoentropic split, introduced in [12; 13], and extended for the consideration
of phase change phenomena in [2; 3], the coupled problem is partitioned into a mechanical phase
at constant entropy, followed by a thermal phase at xed conguration, leading to an uncon-
ditionally stable staggered scheme. The evolution of the internal variables is enforced in both
Copyright ? 1999 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng. 46, 1575{1591 (1999)
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phases. An ecient implementation of the split can be done using the temperature as primary
variable [2].
However, if the mechanical terms appearing in the time derivative of the entropy (see equations
(10b) and (12b)) are negligible, that is, the elastoplastic heating Hep = 0, then the condition of
constant entropy in the isoentropic split conveys the condition of constant temperature and both
splits are identical. In particular, under these conditions, the standard isothermal split preserves the
dissipative structure of the original coupled problem, and it can be shown to be unconditionally
stable. As this is the case in most industrial solidication problems, only this split will be described
here in detail. The possibilities are twofold: Scheme (a), where the mechanical phase of the operator
split is performed before the thermal phase, and Scheme (b), where the thermal phase is performed
before the mechanical phase.
Let us rst consider Scheme (a):
(a.i) Mechanical phase. Using a Backward Euler (BE) time-stepping algorithm, and noting that
the temperature and latent heat remain constant during this phase, the discrete weak form of the
momentum balance equation and updated internal variables G := (Uv; Up; ) in the mechanical phase,
take the form
h ~bn+1;r[W0]i= hB; W0i+ htn+1; W0i  + htn+1; W0i mc
~Gn+1 =Gn + ~Gn+1
(27)
(a.ii) Thermal phase. Using a BE scheme the discrete weak form of the energy balance equation
and updated internal variables in the thermal phase take the form
1
t
hCsn+1(n+1 −n) + Ln+1 − Ln; 0i − hqn+1;r[0]i
= hRn+1 + (Dint)n+1; 0i − h qn+1; 0i q − hqn+1; 0i tc (28)
Gn+1 =Gn +Gn+1
For the simulation of solidication processes and other thermally driven coupled problems (that
is, situations where the variation of temperature activates the mechanical part of the problem), it
is advantageous to reverse the order of the operator split, and consider Scheme (b), where the
thermal phase of the operator split is performed before the mechanical phase:
(b.i) Thermal phase. Using a BE scheme the discrete weak form of the energy balance equation
and updated internal variables in the thermal phase take the form
1
t
hCsn+1(n+1 −n) + Ln+1 − Ln; 0i − hqn+1;r[0]i
= hRn+1 + ( ~Dint)n+1; 0i − h qn+1; 0i q − h ~qn+1; 0i tc (29)
~Gn+1 =Gn + ~Gn+1
(b.ii) Mechanical phase. Using a BE time-stepping algorithm, the discrete weak form of the
momentum balance equation and updated internal variables G in the mechanical phase take the
form
hbn+1;r[W0]i= hB; W0i+ htn+1; W0i  + htn+1; W0i mc
Gn+1 =Gn +Gn+1
(30)
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Results obtained with Scheme (b) are not the same as those obtained with Scheme (a), but the
dierence between them is of the order of the size of the time step, O(t), which is the order
of the error of this type of operator splits. Note that in Scheme (b) the update of the internal
variables ~Gn+1 during the thermal phase is only necessary for the evaluation of the term ( ~Dint)n+1.
In the simulation of solidication processes this term is usually negligible, and therefore this rst
update of the internal variables can be avoided. This is equivalent to performing an explicit update
of the form ( ~Dint)n+1 = (Dint)n and it results in an evident saving in computational cost.
4. NUMERICAL SIMULATIONS
The formulation presented in the previous sections is demonstrated in the following selected numer-
ical simulations. First, an assessment of the constitutive model is presented to establish qualitatively
its validity. Then test industrial applications are presented and compared with available experimen-
tal data. Finally, a large-size industrial analysis is performed and selected numerical results are
shown.
The computations are performed with the nite element code COMET (COupled MEchanical
and Thermal analysis) developed by the authors. In all the following numerical simulations the
Newton{Raphson method, combined with a line search optimization technique, was used to solve
the non-linear equations arising from the spatial and temporal discretization of the weak form of
the momemtum and energy balance equations. Convergence of the incremental (in time)—iterative
procedure was monitored by requiring a tolerance of 01 per cent in the residual-based error norm.
4.1. Assessment of the constitutive model
The overall behaviour of the proposed thermo-(visco)elastic-(visco)plastic model is illustrated
here through the numerical simulation of a simple uniaxial tension test. The test is performed
at a imposed strain rate of 10−4 s−1, sustained from t=0 s to t=250 s. Figure 2 shows the
stress response of the model at dierent temperatures (20, 500, 1000 and 1200C). The transition
between the solid and liquid phases occurs between 1145 and 1155C, so that the curve at 1200C
corresponds to the purely visco-elastic liquid behaviour, including the total stress unloading when
the strain-rate vanishes. For lower temperatures, the dependency of the elastic moduli on the
temperature is clearly observed. Also, the eect of visco-plasticity during loading, and the later
drop of stress down to the (temperature-dependent) yield stress can be clearly observed in the
gure.
4.2. Cylindrical aluminium solidication test
This example, taken from [14], is concerned with the solidication process of a cylindrical
aluminium specimen in a steel mould. The geometry is depicted in Figure 3. Assumed starting
conditions in the numerical simulation of the solidication process are given by a completely lled
mould with aluminium in liquid state at a uniform temperature of 670C. The initial temperature of
the mould is 200C. Only gravitational forces act on the part and mould. The material properties for
the aluminium have been assumed to be temperature-dependent, while constant material properties
have been assumed for the steel mould. Geometrical and material data can be found in the above
reference. A gap-dependent convection{radiation coecient between the aluminium and the steel
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Figure 2. Stress response at dierent temperatures
Figure 3. Cylindrical aluminium solidication test. Geometry
mould has been assumed. It takes the form h(gn)= ka=(gn+ka=ho), where ka is the air conductivity,
ho is the convection—radiation coecient for the two surfaces in contact and gn is the normal gap.
Spatial discretization of the casting cylinder and the mould has been done using a nite element
mesh consisting of 848 axisymmetric 3-noded triangles. Numerical simulation was done up to 90 s.
of the solidication test using a time step of 1 s.
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Figure 4. Cylindrical aluminium solidication test: (a) temperature evolution at the casting centre, casting surface and
mould surface; (b) radial displacement evolution at the casting and mould surfaces
Figure 4(a) shows the temperature evolution at the casting centre, casting surface and mould
surface for an intermediate section. A typical temperature plateau due to the release of latent
heat during solidication can be observed for the casting centre point of this section up to 15 s
approximately. Figure 4(b) shows the evolution of the radial displacements at the casting and
mould surfaces for the same intermediate section. The dierence between the two curves gives the
gap distance evolution at the chosen section. Computed temperature and gap evolutions compare
very well with available experimental results.
Copyright ? 1999 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng. 46, 1575{1591 (1999)
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Figure 5. Solidication of a brake component. Geometry and nite element mesh
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Figure 6. Solidication of a brake component: (a) temperature evolution at the casting centre A, casting surface B and
mould surface C; (b) gap evolution at points C, D and E
4.3. Solidication of a brake component
This last example deals with the numerical simulation of the solidication process of an industrial
part, in this case, one of the components of the braking system of an automobile. Figure 5 shows
a view of the manufactured part (above) and also, a view of the nite element mesh used to
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Figure 7. Solidication of a brake component. Temperature evolution on section y{z
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Figure 8. Solidication of a brake component. Evolution of the phase changes on section x{y
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discretize the cast iron part and the sand mould (below). The mesh consists of 6500 4-noded
tetrahedral elements for the part and 26 650 tetrahedral elements more for the mould. Mechanical,
thermal and coupling properties are assumed to be temperature dependent. The cast iron used for
the part presents a liquid{solid phase change between 1145 and 1155C, and a solid{solid phase
change between 750 and 800C. Both phase changes have been accounted for in the simulation.
The initial temperature is 1420C for the part and ambient temperature (20C) for the mould.
Figure 6(a) shows the temperature evolution at point A, located at the casting centre, point B,
located at the casting surface and point C, located at the mould surface (see Figure 5 for the
location of the points). A typical temperature plateau due to the release of latent heat during
solidication can be observed for the casting centre point (A) up to 150 s. approximately. The
smoother solid{solid phase change can also be observed for this point, between 600 and 950 s
approximately. Figure 6(b) shows the evolution of the mechanical gaps that develop between the
part and the mould for points C, D and E, as the part contracts due to the temperature drop. It is
remarkable that the gap at point D grows quite signicantly, reaching an amplitude close to 2mm.
Figure 7 shows the evolution of the temperature distribution on section y{z (a vertical section).
Temperature at the core of the part drops during the rst 1000 s of the simulation to about 700C.
The evolution of the two phase changes, given by the temperature evolution at the liquid{solid
and solid{solid transition ranges, is shown in Figure 8, for section x{y (a horizontal section).
The upper part of the gures shows the evolution of the liquid{solid phase change, which takes
place during the rst 150 s. The lower part of the gures shows the evolution of the solid{solid
phase change, which is much slower, starting about 500 s. and still occurring after 1000 s. In this
gure the evolution of the gap between the part and the mould, which increases as the volumetric
changes due to the cooling process take place is also shown. No plastic deformations are detectable
during the cooling process, but signicant residual stresses are computed.
5. CONCLUSIONS
A numerical model for the analysis of coupled thermo-mechanical problems, involving frictional
contact and thermal multiphase change phenomena, has been presented. Firstly, the constitutive
model proposed for the solid phase was introduced, including elasto-plastic eects and viscous
strains to account for temperature-dependent elastic moduli. Secondly, the model was extended
to account for the phase change phenomena. The principles of this extension are twofold: (a) to
include the strain{stress behaviour in the liquid phase and during the phase change, and (b) to
include the thermal eects due to the phase change. The resulting model can be readily used for
multiphase change problems, as needed for most industrial applications. Thirdly, thermo-mechanical
frictional contact is considered between the solidifying part and the mould. Lastly, the numerical
solution of the coupled problem is discussed, and the isothermal split operator is described, as
well as its advantages. The model has been succesfully applied to the numerical simulation of
industrial solidication processes. Temperature and air gap evolution predicted by the numerical
model compare very well with available experimental and numerical results.
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